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Consider the elliptic problem

where f € L?(Q) and

Q=0 " uUquUQr.

Here ~ is a closed curve:

a€ WbHe(QT)n Wh>°(Q~) and a is discontinuous across 7.
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It is well known that, if the curves I and ~ are “regular’, then we have

u € H*(Q7) N H(Q"), but u ¢ H?(Q).
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It is well known that, if the curves I and ~ are “regular’, then we have

u € H*(Q7) N H(Q"), but u ¢ H?(Q).

Remark

Even if 7 is polygonal, then u ¢ H?(Q27) N H?(Q1). We have in general u € H3 =% for § > 0.
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It is well known that, if the curves I and ~ are “regular’, then we have

u € H*(Q7) N H(Q"), but u ¢ H?(Q).

Remark

Even if 7 is polygonal, then u ¢ H?(Q27) N H?(Q1). We have in general u € H3 =% for § > 0.

This model problem exhibits the same type of singularity as interface problems involved in:
o Free boundary problems
@ Transmission problems

Fictitious domain methods
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It is well known that, if the curves I and ~ are “regular’, then we have

u € H*(Q7) N H(Q"), but u ¢ H?(Q).

Remark

Even if 7 is polygonal, then u ¢ H?(Q27) N H?(Q1). We have in general u € H3 =% for § > 0.

This model problem exhibits the same type of singularity as interface problems involved in:
o Free boundary problems
@ Transmission problems
o Fictitious domain methods

Aim

To construct an accurate finite element method that the mesh.
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Some works related to this topic:
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Some works related to this topic:

@ Belytschko, Moés et al.: XFEM (eXtended Finite Element Method)

o Lamichhane and Wohlmuth: Mortar finite elements for interface problems
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Some works related to this topic:

Belytschko, Moés et al.: XFEM (eXtended Finite Element Method)

Lamichhane and Wohlmuth: Mortar finite elements for interface problems

@ Hansbo et al.: An unfitted finite element method . ..
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Some works related to this topic:

Belytschko, Moés et al.: XFEM (eXtended Finite Element Method)
Lamichhane and Wohlmuth: Mortar finite elements for interface problems
Hansbo et al.: An unfitted finite element method . ..

Z. Li: Immersed boundary techniques for interface problems
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Assume that Q is polygonal and consider a finite element mesh .7, of Q. The simplest finite
element method is given by the space

Vi ={veCQ):; vr € P(T)VTE T v=0onT}
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Assume that Q is polygonal and consider a finite element mesh .7, of Q. The simplest finite
element method is given by the space

Vi ={veCQ):; vr € P(T)VTE T v=0onT}

The discrete problem is given by

/aVuh‘VvdX:/fvdx VveV.
Q Q
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Assume that Q is polygonal and consider a finite element mesh .7, of Q. The simplest finite
element method is given by the space

Vi ={veCQ):; vr € P(T)VTE T v=0onT}

The discrete problem is given by

/aVuh‘VvdX:/fvdx VveV.
Q Q

Classic error estimates
lu—upllio < Ch

do not hold any more.
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Assume that Q is polygonal and consider a finite element mesh .7, of Q. The simplest finite
element method is given by the space

Vi ={veCQ):; vr € P(T)VTE T v=0onT}

The discrete problem is given by

/aVuh-VvdX:/fvdx VveV.
Q Q

Classic error estimates
lu—upllio < Ch

do not hold any more.

To construct a fitted FEM, we consider:
@ A piecewise linear approximation ~;, of the curve ~ that implies a subdivision
Q=0Q, Uy, uQ;.

@ A subdivision of any “interface triangle” into 3 (or 2 in some cases) triangles
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A fitted

)

"

Subdivision of an interface triangle

Notations:
T ={T € T, yNT° #£0} Interface triangles
&) = {e edge; yNe°® # 0} Edges intersected by ~y(or 7,)
T = U{subtriangles of T}

gF=g,u U (UKeﬂT” K) New fitted mesh
TeT,

Sy = U{T; TeJ'} Layer containing the interface
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We next define an extension 3, of a and a piecewise linear interpolant aj of 3, with
1,00 — 1,00 +
ahm; e WH(Q,), 3pja; € WH(Q)),

ap, is discontinuous across yp,

lanllo,00,0 < Cllallo,00,0-
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We next define an extension 3, of a and a piecewise linear interpolant aj of 3, with
l,00(O— l,oo+
- €W (2,), apor € WH(Q),

ap, is discontinuous across yp,

lanll0,00,2 < Cllallo,00,0-

The fitted finite element space is given by

Wy =V, + X (C Hé(Q))
Xp, = {v € C°(Q); Viaysy =0, vix € PI(K) YV K € 77, ¥ T € T}

Whence the Fitted Finite Element Method:

Find uf € W, such that / ap Vul - Vvdx :/ frdx YV veEW,.
Q Q
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We next define an extension 3, of a and a piecewise linear interpolant aj of 3, with

1, - 1,0+
By € WHE(R7), ayar € WH(Q)),

ap, is discontinuous across yp,

lanllo, 00,2 < Cllallo,00,0-

The fitted finite element space is given by

Wy =V, + X (C Hé(Q))

Xp, = {v € CO(Q); Vioysy =0, vik € PI(K) V K € T,V TeT}

Whence the

Find uf € W, such that / ap Vul - Vvdx :/ fv dx
Q Q

Y ve W,

We assume (a weaker mesh regularity) that for some 6 € [0,1),

h 5
—<Cch? VKeZ}), Teg).
oK

where ok is the diameter of the inscribed circle in K.
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Theorem

We have the error estimate

lu—uflia < Ch=0 ullpgrug- ifue HA(QTUQT)
PILRE= Chllully g ua- ifu e W2 (Q+tuQ-).
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Theorem

We have the error estimate

o= uFlia < Ch =0 uly g+uo- ifue HX(QTUQT)
PR = Chllull groo- ifue W2 (QtuQ-).

This method is rather simple but, in view of a time (or iteration) dependent interface, it implies a
matrix structure.
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Theorem

We have the error estimate

o= uFlia < Ch =0 uly g+uo- ifue HX(QTUQT)
PR = Chllull groo- ifue W2 (QtuQ-).

This method is rather simple but, in view of a time (or iteration) dependent interface, it implies a
matrix structure.

To avoid this drawback, we resort to a technique.
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A hybrid formulation

As usual, we start by defining a pseudo-continuous hybrid method. Let
Zy := HY(Q) + Xn,
Xy = {v € L2(Q); Viavsy =0, VT € HYT)Y T e )},

H( o(e

ec&,’

where .
Hoio(e) = {V|e? v E Hl(T), ecér,v=0o0ndVdedér,d+#e}.

We define the problem

Find (/Ij;;,,xh) € 2}, X ah such that:

Z /ahVuh Vvdx — Z /Ah[v]ds—/fvdx Ve Z,

TeTZ,

> [ ulaas=o Ve

ec&,’
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A hybri

Theorem
The previous problem has a unique solution. Moreover

~ ~ ant
u, € Hé(ﬂ), Ap = ap 87:
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- A hybrid finite element method

We define the spaces:

Zp = Vh+ Y,
Vyi={veC’Q); vir eP(T)V T € T},
Y o= {V c Lz(Q)Y V‘Q\Sf;y =J0" VK € P]_(K) VKEe 77?, VTEe 57;/},

Qn:={ne L2( H ); Hje = const. V e € ro”l;y}
566’1
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A hybrid finite element: method

We define the spaces:

Zp = Vh+ Y,
Vyi={veC’Q); vir eP(T)V T € T},
Yh

= {v e L*Q); Viavsy =0, ik EPI(K)Y K€ 77, ¥V T € 77},

Qn:={pne L2( H ); H|e = const. V e € o",?}
566‘?

The discrete problem is:

Find (uf’, \n) € Zy X Q4 such that

Z /ahVu;I~Vvdx— Z /)\h[v]ds:/fvdx VveZ,
T Q

TET) ecs) ¢
H _
pluylds =0 Vo€ Qp.
eeédh'y €
V.



A hybrid

Remark

The advantage of the hybrid approximation is that the added degrees of freedom can be locally
eliminated (at element level).
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A hybrid f

Remark

The advantage of the hybrid approximation is that the added degrees of freedom can be locally
eliminated (at element level).

Lemma

The hybrid approximation problem has a unique solution. In addition, we have

H
llup'llz, + IXnllQ, < Clifllo,0-

and
[uf1=0 one, Vee g
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A hybrid

Finally, we have the convergence result:

Theorem

We have the error bound

| His < Ch=%|flo.q ifue H> Q™ UQt),
_ WMyl
hizy =) Ch|flloq  ifue W2=(Q-UuQh).
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We consider the case of a radial solution in the square Q = (—1,1)?, with

Q*:{er; x\<R}, Qt=0\Q .
and
at
a=a inQ7, a=a"inQ", p="—.
o
For f = 1, we have the solution
2
) 2l if x| < R
u(x) = S o
%4—% if x| >=R
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A num

q $=0.01
10 T
O Fitted FEM
+ Standard FEM
10° - 4
Slope: 1.0
£
S0't 4
o Slope: 1.9
107} E
10° -
10° 10" 10°
Mesh Size

3 = 0.01, Discrete L2-norm
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A num

EFEF’'4 Ziirich

H'-Norm

$=0.01
T

Slope: 0.6

Slope: 0.9

O Fitted FEM
+ Standard FEM

L

10"
Mesh Size

3 = 0.01, Discrete H'-norm
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A numerical test (Contd)

, p=1000
10° T
O Fitted FEM
+ Standard FEM
_*
107 E
Slope: 0.8
z
5 10°F 4
]
o
L
. Slope: 1.9
0% 5
10° L
10° 10" 1
Mesh Size

3 = 1000, Discrete L2-norm
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A numerical test (Contd)

$=1000

10’ T
O Fitted FEM
+ Standard FEM

Slope: 0.47

H' Error Norm
=
T

Slope: 1.25

.
10° 10" 10
Mesh Size

3 = 1000, Discrete H'-norm
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